We explain several ideas which may, either singly or in combination, help achieve high resolution in simulations of large-deformation plasticity. Because of the large deformations, we work in the Eulerian picture. The governing equations are written in a fully conservative form, which are correct for discontinuous as well as continuous solutions. Models of shear bands are discussed. These models describe the internal dynamics of a developed shear band in terms of time-asymptotic states; in other words, the smooth internal structure is replaced by a jump discontinuity, and the shear band evolution is determined by jump relations. This analysis is useful for high resolution numerical methods, including both shock capturing and shock tracking schemes, as well as for the understanding and validation of computations, independently of the underlying method. Preliminary computations, which illustrate the feasibility of these ideas, are presented.
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INTRODUCTION
In this article we describe a new formulation of largedeformation plasticity and relate it to an ongoing program of the authors for high-resolution computational methods for plasticity. Our approach has several components, most of which can be used independently of the others.
The most basic of our ideas is to use a fully conservative formulation of the equations. Additional ideas (also discussed by other authors) are the use of the Eulerian picture (which is convenient for large deformations), Godunov nite-di erence schemes, models for shear band structure and formation, and front tracking.
We examine each of these ideas in turn, surveying our current work and that of others as it relates to this framework. The results that we present indicate that these methods, used singly or in combination, have a signi cant potential to improve the computational modeling of plasticity.
CONSERVATIVE FORMULATION
The use of conservation laws and conservative nite differencing for uid dynamical variables (mass, momentum, and energy) is well accepted. Decades of experience in uid computations indicate the decisive advantage of this choice. In elasticity, additional variables are needed to specify the motion of the material; correspondingly, there is an extension of the continuity equation that states that the material does not tear under deformation (if the velocity eld is continuous). These equations are, by default, written in conservative form in the Lagrangian picture. Only recently was this conservative formulation mapped into the Eulerian picture (Plohr and Sharp, 1989) ; see also (Trangenstein and Colella, 1991) . For plasticity, internal variables characterize the irrecoverable deformation of the material; their evolution is also described by conservation laws (Plohr and Sharp, 1992) .
There are two basic steps in achieving a conservative formulation. The rst is to choose dependent variables for which (in the case of smooth solutions) the equations are in divergence form: @ t U + r H(U) = S(U) :
(1) The second step, which introduces a further restriction on the allowed choice of dependent variables, is to insure that the resulting jump conditions ?s U] + H] = 0 describe correct physics, in the sense that they are equivalent to jump conditions derived directly from the Lagrangian picture equations for elasticity and that they are consistent with experimental phenomena for plasticity.
The system of conservation laws for plastic ow is rather cumbersome, in that it contains twenty independently conserved dependent variables. For this reason, we identify simpler subsystems within it. We rst restrict attention to the thirteen purely elastic variables. The motion of the material is speci ed by the map carrying each material point X , = 1; 2; 3, in the undeformed (Lagrangian) con guration to its corresponding spatial position x i = i (X ; t), i = 1; 2; 3, in the current (Eulerian) con guration. Let denote the inverse motion, so that X = (x i ; t), and de ne g i := @ =@x i to be the inverse deformation gradient.
In the conservative formulation, the instantaneous state of the ow is described by the values of g i and v i together with a single thermodynamic variable. More precisely, the elastic component, U elas , of U is and S elas (U) := 0. Here := 0 det g is the mass density ( 0 being the mass density in the undeformed con guration), ij is the Cauchy stress tensor, and " is the speci c internal energy. The internal energy and the Cauchy stress are related to the inverse deformation gradient g i by a hyperelastic equation of state (Green and Naghdi, 1965; Simo and Ortiz, 1985) . Specializing to the case in which the tensors g i and ij are scalars, we recover the Eulerian equations of uid dynamics in the familiar conservative form. This choice of conservative formulation for elastic component is veri ed by showing the equivalence, for both smooth and discontinuous solutions, of the Eulerian and Lagrangian formulations (steps 1 and 2 above). The Eulerian variables are related to their Lagrangian counterparts as follows: = J ?1 0 ;
" = E ;
(6) ij = J ?1 F i S F j :
Here F i := @ i =@X is the deformation gradient, J := det F is the Jacobian, E is the speci c internal energy, V i := @ i =@t is the velocity, and S is the PiolaKirchho stress tensor. The conservative formulation is to be contrasted with the conventional (nonconservative) incremental formulation, in which the stress is obtained by solving a rate equation: @ t (strain) + = 0 (conservative) ; (8) as opposed to @ t (stress) + = 0 (non-conservative) : (9) In the case of uid dynamics, Eq (9) 
this equation serves to de ne h and . We view the equation for U plas as a type of reaction equation expressing the extent of rearrangement of the lattice bonds in the crystal (which result, for example, from the motion of crystal defects). This breaking and reforming of lattice bonds is an endothermic chemical reaction. The coupling of the plastic history variables to the momentum and energy equations expresses the relaxation of stress toward the static yield surface and conversion of potential (elastic) energy into heat. The extension of the domain of the hyperelastic equation of state past the static yield surface is de ned by a material model of rate-dependent plasticity (for a speci c model, see (Wang et al., 1993) ).
As above, there are two steps in discovering and deriving conservative equations for plastic strain. In contrast to the case of elasticity, there was no existing conservative formulation known for the Lagrangian picture, and the discovery process was guided by the principle that laws of physics, in addition to their mathematical form, were at issue. For this reason, it was recognized that it was necessary to look to experimental facts to discover the quantities that are conserved. This step identi ed plastic strain as the conserved quantity: the plastic strain represents change in the microstructure that is tied to material points, and therefore convects with these points, evolving only because of a source term; thus it is analogous to a reaction progress variable in a chemically reactive ow. Moreover, equations involving plastic strain are in divergence form, as derived by mathematical transformation for smooth solutions. This completes the two veri cation steps for these equations.
For moderate or slow deformation rates, the ratedependent equations pass over, in an asymptotic limit, to rate-independent plasticity, in which the variables are constrained to lie on or within the yield surface. The validity of this limit process, for the equations as formulated above, was established at the level of formal asymptotic expansions (Plohr and Sharp, 1992) . For both the conservative formulation and the rate-independent limits, the essential new feature is that this approach is correct for discontinuous as well as smooth solutions, in the sense of preserving physically correct jump relations for discontinuous solutions, while also being equivalent to conventional theories for smooth solutions.
The anticipated advantages of a conservative formulation are (a) improved numerical methods and (b) improved theoretical understanding of the wave structures and wave interactions. As with gas dynamics, the conservative formulation, and likewise a conservative nitedi erence formulation based on it, is correct for discontinuous solutions. For practical multi-dimensional computations, it is important that solutions give correct wave speeds and jump relations even when underresolved. An underresolved wave is the computational analog of a discontinuous solution to the continuum equations. For gas dynamics, the computational solutions given by conservative nite-di erence schemes typically give correct wave speeds and jump conditions, even when the solution is underresolved; we expect that this will also be the case for elastic-plastic ow.
Similar arguments, but at a theoretical level, lead to point (b) above. We illustrate this fact in Sec 4 with a theoretical derivation of jump conditions for shear bands. The model we present is appropriate for shear bands in metals, which are governed by a balance between thermal softening and thermal di usion. Shear bands have also been modeled in the context of granular materials (Garaizar and Schae er, 1992) . Their origin in this case is purely mechanical, so that they are part of the complete wave interaction analysis.
COMPUTATIONAL METHODS
Here we discuss computational solutions of plate impact problems. These computations have as their purpose: validation of the computational method, validation of a material model, derivation of the parameters in the material model, and a study of one-dimensional wave structures for plastic deformation. Taken as a whole, recent studies of this problem show that modern nite-di erence methods, e.g., higher-order Godunov methods, give correct solutions and excellent resolution for the wave structures and interactions. The fully conservative formulation has been shown to be correct through mesh re nement studies, comparison to other numerical methods and through validation of material models to de ne the plastic reaction rate law used in conjunction with this formulation. Material boundaries, always a problem in an Eulerian formulation, have been handled satisfactorily by use of front tracking. These studies show a relative resolution advantage for Godunov schemes, for example by about a factor of 2 relative to the Lax-Wendro method.
The full value of this circle of ideas, and their proper evaluation, will await two-and three-dimensional studies of more complex problems.
Fully conservative Godunov methods for elastic deformation were studied by Bonnetier et al. (Bonnetier, Jourdren and Veysseyre, 1991) and Le Floch and Olsson (Le Floch and Olsson, 1990 ). Bonnetier et al. report signi cant improvement resulting from the conservative formulation, especially in the suppression of a spurious density spike at the collision point of the plate impact. The Godunov method for elastic plastic deformation was developed by Trangenstein and Colella (Trangenstein and Colella, 1991 ) using a rate independent formulation, which was not fully conservative. Wang et al. (Wang et al., 1993 ) develop a fully conservative Eulerian Godunov scheme for rate-dependent elastic-plastic deformation. This scheme was tested for (a) convergence under mesh re nement, (b) comparison to another method (Lax-Wendro ), and (c) validation by comparison to laboratory experiments. This latter step involves validation of a material model as well as the computational algorithm. A few gures serve to illustrate these results.
Fig 1 compares the solutions obtained on a ne and a coarse mesh. The plot displays the elastic-plastic wave resulting from the collision, and shows velocity plotted vs. distance. Fig 2 shows the same wave structure, as computed twice, rst by a Godunov method, and then, on a grid twice as ne, by the Lax-Wendro method with optimal arti cial viscosity. The results are essentially identical for both of these comparisons. Finally, in Fig 3, we show the experimentally observed velocity at the external (free) surface of the impact plate. This experimental velocity is compared to the computed velocity, with good agreement.
The material model used for rate-dependent plasticity is a hyperelastic equation of state (Wallace, 1985; Garaizar, 1989) de ned by small anisotropy and a stiened gamma law gas for the isotropic ( uid) part of the equation of state. Plastic ow rules follow Steinberg and Lund (Steinberg and Lund, 1989) . For low strain rates, the parameters as well as the model proposed by these authors allowed a t to the laboratory data, but to t all of the laboratory data it was found necessary to change some of the micro-physics parameters within a range consistent with available data. Mesh re nement study of spatial plot of velocity. In this plot, using the higherorder Godunov algorithm, the wave pro le on a grid of 300 mesh blocks in 0; 1] has better resolution than does that on a much ner grid of 600 mesh blocks using the standard LaxWendro nite-di erence scheme. 
SHEAR BANDS
Metals that are subjected to large shear stresses develop highly localized regions of shear strain. These regions are called shear bands. As pointed out by Zener and Hollomon (Zener and Hollomon, 1944) , shear bands form when thermal softening outweighs strain and strain rate hardening: plastic straining generates heat, which softens the metal, leading in turn to increased straining. Thus the strain is localized at points where the metal is weakest. Experimentally, it is found that shear bands are only a few tens of microns thick. Because shear bands are so thin, numerical simulation of ows in which they occur is very di cult. In this section we formulate the ow equations in a way that permits e ective computation of shear bands. In this formulation, a shear band is treated as a boundary layer internal to the ow. The band is represented by a discontinuity in the velocity, and it generates heat at a certain rate determined by the constitutive properties of the metal. This representation is a good approximation when the strain-rate sensitivity exponent m is small, as it is for many metals. Indeed, in the limit m ! 0, the strain-rate tends to a delta-function heat source for the ow outside the shear band. Furthermore, when m is small but nonzero, the internal structure of the shear band can be calculated using a quasistatic approximation, leading to an e ective constitutive relation for the heat ux out of the band. It is our plan to incorporate these ideas into a numerical method in which shear bands are detected and thereafter tracked.
While this analysis is one-dimensional, we envision applying these ideas to two-and three-dimensional problems. Shear bands would be represented by tracked fronts of codimension 1 that convect with the particle velocity. These fronts represent discontinuities in the tangential velocity and act as heat sources. The formation and elongation of shear bands would be governed by detecting the localization of shear strain-rate. Such a numerical method would extend the method of front tracking, which has been successfully applied to such uid discontinuities as shock waves, to an important class of problems in elasto-plastic ow.
Governing Equations
We consider a slab of metal undergoing simple shearing motion of the form x = X + u(Y; t) ; y = Y ; z = Z ; 
Here is the xy-component of Cauchy stress, " is the speci c internal energy, and is the temperature; the constants 0 and k are the mass density and thermal conductivity, respectively. The conservation equations are supplemented by an equation of state, which determines " and . In the elastic range, the shear stress in a metal varies almost linearly with the elastic shear strain e ; also, the speci c heat is nearly constant. Therefore we adopt the equation The system of conservation laws is completed by a ow rule specifying _ p := ( p ) t . The ow rule derives from a model for the dynamic yield stress, the stress supported by the metal during plastic yielding. We ignore work-and strain-hardening e ects, so that the dynamic yield stress is speci ed by a relation j j = y(j_ p j; ), or equivalently j_ p j =~ (j j; ). Then the ow rule is _ p = ( ; ) := 0 if j j y 0 ( ), sgn( )~ (j j; ) otherwise; (18) here y 0 ( ) := y(0; ) denotes the static yield limit. For concreteness, we focus on some models studied numerically by Walter (Walter, 1993) : y(j_ p j; ) := 0 (1 + bj_ p j) m g( ) :
( 19) The plastic response of the metal is characterized by the constants 0 , b, and m along with the thermal softening function g, which is a twice continuously di erentiable, positive, decreasing function of temperature and is normalized so that g(0) = 1. A typical example for the softening function is g( ) = exp(?a ).
Given the equation of state (16), the conservation laws (13){ (15), (18) 
These equations have been studied by several authors, e.g., (Clifton et al., 1984; Wright and Batra, 1985; Wright and Walter, 1987; Walter, 1993) .
We nondimensionalize the governing equations by scaling distance with the half-width h of the slab, time with the reciprocal of a nominal strain rate _ 0 , stress with 0 , and temperature with 0 =( 0 c V ). In e ect, we can set 0 = 1 and 0 c V = 1 in the equations above; the remaining dimensionless constants are 0 , k, , b, m, and, for the softening function g( ) = exp(?a ), a. Typical values for the material parameters appearing in the equations are reported by Wright and Walter (Wright and Walter, 1987; Walter, 1993) , who consider a sample of moderately high-strength steel of half-width h = 3:47 mm and average applied strain rate _ 0 = 500 s ?1 . In this case, 0 = 3:93 10 ?5 , k = 0:00220, 1= = 0:00753, b = 5 10 6 , m = 0:0251, and a = 0:104. In the present work we shall make several approximations so as to simplify the analysis. Since b is large, we replace 1 + b_ p by b_ p in the ow rule; therefore
Also, 1= is moderately small, so we make the approximation that _ p = v y . In other words, the metal is treated as rigid/plastic. The extremely small size of 0 suggests that the inertialess approximation y = 0 is appropriate. Consequently the shear stress depends solely on time, and its value can be determined using the boundary conditions on the velocity: if the velocity is v 0 at the right and left ends of the slab, respectively, then 
_ p and being given by Eqs (25) and (26).
Structure of Shear Bands
In a fully developed shear band, the tangential velocity v changes rapidly over a small distance, so that v is nearly discontinuous and _ p v y is nearly a Dirac deltafunction. Observations show that a shear band formed at a nominal strain rate of _ 0 = 500 s ?1 has a half-width that is typically 1 ? 10 m. Heat is generated within the shear band by plastic work and is spread to the neighboring material by conduction. Although the temperature pro le must be concave within the band, it has nearly linear fall-o on a longer length scale, and thus resembles a \hat" function. For a moderately hard steel, the heat conductivity is such that the time scale 2 0 c V =k = 10 ?7 ? 10 ?5 s for heat conduction through the shear band is much smaller than the macroscopic time scale _ ?1 0 = 2 10 ?3 s for the evolution of the band. This suggests that the plastic power term _ p dominates the time derivative term t , which implies approximate balance between heat generation and conduction. Thus the temperature pro le within the band is close to a steady pro le, even though the peak temperature is changing on the macroscopic time scale. In other words, the shear band evolves quasistatically.
That the temperature pro le coincides with the steady pro le near a shear band is con rmed in the numerical experiments of Wright and Walter (Wright and Walter, 1987) . Our own numerical results agree: the temperature and strain rate pro les are coincident with their steady state approximations over a distance several times , as de ned by Eq (39) below. Inside the band, therefore, the time derivative term in Eq (27) can be neglected. As one moves out from the center of the band, the plastic power decreases rapidly. At a distance of one to two times , the plastic power term comes into balance with the time derivative term, so that the second derivative term is negligible. The temperature pro le has an in ection point here; in its vicinity, the temperature varies nearly linearly and Eq (27) is approximated well by the ordinary di erential equation t = _ p . At larger distances, the plastic power term is negligible, and the evolution is governed by the heat equation.
Steady State Shear Bands
On the basis of the quasistatic picture, we seek steadystate solutions of Eq (27). We suppose that the shear band is located at y = y c , and we let v c and c denote the central velocity and temperature.
A 
Equation (29) (Wright, 1987) . Similarly, the steady-state temperature pro le is obtained by rst integrating Eq (29), which yields jy ? y c j = kb : (43) A nearly identical formula, without the dependence on c , appears in the analysis by Wright and Ockendon (Wright and Ockendon, 1991) of a separable solution in the case when g( ) = 1 ? a .
Consequences and Applications
In our numerical experiments, the shear band half-width observed at the time of formation is of order 10 ?3 (i.e., 4 m). Standard nite di erence and nite element methods, therefore, require exceedingly ne spatial grids in the vicinity of the band. Without local mesh re nement or front tracking, two-and three-dimensional calculations are impractical on such ne grids. Thus we are motivated to treat a developed shear band, on the numerical level, as having zero width. In one dimensional ow, the band does not move, as we show below; in higher dimensions, the band convects with the material particles, and its position would be tracked. This approach is analogous to how gas ows containing shock waves can be computed using the front tracking method.
The time evolution of a zero-width shear band is governed by jump conditions. Consider a traveling wave propagating at speed s. Then Eqs (13) 
q := ?k y being the heat ux.
Notice that one of the jump conditions, Eq (47), involves an integral of the solution over the band. Thus the jump conditions are incomplete without knowledge of the internal structure of the shear band, in contrast to the jump conditions for shock waves. This distinctive feature implies that the ow external to the band is affected by the details of the temperature pro le within the band. Indeed, the plastic constitutive properties of the metal enter the jump conditions only in Eq (47).
The jump conditions can be completed using the quasistatic approximation to de ne the temperature prole. In essence, Eq (47) is supplanted by the approximation (42). From Eq (39) it follows that 
This equation is an e ective constitutive relation for the heat ux out of the band as a function of the temperature at its center and the shear stress that it supports. In the context of the evolution equation (27) for the temperature, a zero-width shear band corresponds to a jump in the temperature gradient, and Eq (50) speci es this jump in terms of the central temperature and the stress. We remark that the idea of treating a shear band as a velocity discontinuity has been proposed by Olmstead et al. (Olmstead, Nemat-Nasser and Ni, 1992) . There are, however, two di erences between the work of these authors and the present work. First, their work concerns a ow regime in which elasticity is more important and heat conduction is less important, so that the ow is more hyperbolic in character. (This is re ected in their scaling of the equations: for the parameter values quoted above, their unit of length`= k ?1 is 100 times smaller than .) Secondly, they allow for more general plastic ow rules, but are less speci c about how to de ne the right-hand side of the jump condition (47).
Our intention is to develop a numerical method that utilizes the foregoing ideas to permit accurate computation of ows containing shear bands, even on coarse grids. While the e ectiveness of using the quasistatic approximation as a model of shear band structure remains to be demonstrated, and our approach might require modi cation, shear band tracking promises to help achieve high resolution in simulations of large-deformation plasticity.
